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Abstract
In this paper, we investigate the misleading effect of measurement errors on simultaneous monitoring of the multivariate process mean and variability.

For this purpose, we incorporate the measurement errors into a hybrid method based on the generalized likelihood ratio (GLR) and exponentially

weighted moving average (EWMA) control charts. After that, we propose four remedial methods to decrease the effects of measurement errors on

the performance of the monitoring procedure. The performance of the monitoring procedure as well as the proposed remedial methods is investigated

through extensive simulation studies and a real data example.
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Introduction

Control charts have become the most commonly tools for dis-

tinguishing between assignable and random causes in order to

reduce process variation (Montgomery, 2007). Nowadays in

most production environments, quality engineers are engaged

in monitoring the mean and variability of multivariate pro-

cesses where several correlated quality characteristics should

be monitored simultaneously. In most multivariate monitor-

ing methods, the process mean and the process variability are

monitored separately, whereas only few studies have focused

on simultaneous monitoring schemes. A typical approach to

monitor the mean and variability of univariate and/or multi-

variate processes simultaneously is to plot the mean and the

scale parameter estimators in a same control chart, as in

White and Schroeder (1987) and Spring and Cheng (1998).

Khoo (2004) proposed a bivariate control chart based on T2

and Sj j statistics for simultaneous monitoring of both the pro-

cess mean and the process variability in situations with multi-

variate data. He also presented numerous examples to show

the application of his proposed control chart in real

situations.
Chen et al. (2005) proposed a control scheme called maxi-

mum exponential weighted moving average (Max-EWMA)

control chart for monitoring both location and dispersion cri-

teria, simultaneously. They performed a comparison analysis

and found that their proposed control chart performs better

than the combination of chi-square and |S| control charts

when small changes in the process parameters occur. Costa

and Rahim (2004a) used joint �X /R control charts using two-

stage sampling. In the first stage of their proposed approach,

only one item of the sample is inspected. Based on the result

of the first stage, the sampling is stopped if the process is

found to be in-control; otherwise, the inspection of remaining

items of the corresponding sample is continued in the second

stage. Costa and Rahim (2004b) then proposed the exponen-

tially weighted moving average (EWMA) control chart based

on the non-central chi-square statistic for detecting assignable

causes that affect the process mean and/or increase the varia-

bility. Reynolds and Cho (2006) proposed some multivariate

exponential weighted moving average (MEWMA) control

charts based on the combination of sample means and sum of

squared regression adjusted deviation from target in order to

monitor the mean vector and the covariance matrix of corre-

lated quality characteristics simultaneously. Holan and

Spinka (2007) used an unconstrained parameterization and

developed a maximum likelihood estimator (MLE) in order

to model the mean and covariance matrix for unbalanced

repeated measures jointly. They also presented the approxi-

mate distribution of the estimated parameters. Hawkins and

Maboudou-Tchao (2008) provided a control scheme (called

the MAC control chart) to monitor both mean and variability

of multivariate processes. For this purpose, they used the

combination of the MEWMA and the multivariate
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exponentially weighted moving covariance matrix (MEC)
control charts. Zhang and Chang (2008) introduced a new
multivariate control procedure based on two multivariate
EWMA control charts using individual observations to moni-
tor the process mean and variance simultaneously and to

identify proper sources of variations. Through a simulation
study, they proved that the proposed hybrid control chart is
able to identify appropriate types of shifts in terms of correct
detection percentages. Costa et al. (2009) developed a syn-
thetic control chart for monitoring both the mean and var-
iance of a process by considering a two-stage testing. Niaki
and Memar (2009) proposed a new methodology in order to
monitor and diagnose bivariate normal mean vector and cov-
ariance matrix simultaneously. They transformed the primary
monitoring space such that all control elements have the same
probability distributions and then they only monitored the
maximum absolute value of the transformed elements to
monitor both the mean vector and the covariance matrix
simultaneously. Guh (2010) used an artificial neural network
(ANN)-based method for simultaneous recognition of three
most common mean and variance control chart patterns
including shift, trend and cycle. Zhang et al. (2010) designed
a single control chart with integration of the EWMA statistic
and generalized likelihood ratio (GLR) test for simultane-
ously monitoring of both the multivariate process mean and
variability. Wang et al. (2014) applied the GLR test and the
multivariate exponentially weighted moving covariance con-
trol chart to design a new statistic for simultaneously moni-
toring of the mean vector and the covariance matrix of a
multivariate normal process. Maleki and Amiri (2015) pro-
posed a monitoring scheme based on the combination of two
neural networks to detect the mean and variance shifts simul-
taneously in multivariate-attribute processes whose quality
characteristics are correlated.

The fact that the measurement errors result in a dimin-
ished power of both univariate and multivariate control
charts in detecting process shifts is well documented in the lit-
erature. Abraham (1977) studied the effect of measurement

errors on the performance of the usual �X control chart by
adding measurement errors to the process once the control
limits have been established and observing the measurement
errors effect on the control chart. Kanazuka (1986) consid-
ered the joint power of �X /R control charts under the normal-
ity assumption to detect mean and variance shifts. He
mentioned that in the presence of significant measurement
errors, the power of the joint �X and R control charts is dimin-
ished and suggested using larger sample sizes to recover the
lost power of the control chart. Mittag (1995) used the same
model of Kanazuka (1986), considering the S control chart
instead of the R control chart. Linna and Woodall (2001)
addressed the problem of measurement errors in the univari-
ate case on the performance of �X and S2 control charts con-
sidering a linear covariate model. Linna et al. (2001) then
investigated the performance of multivariate control charts in
the presence of measurement errors. Maravelakis et al. (2004)
examined the effect of measurement errors on the ability of
the EWMA control chart to detect mean shifts. Yang et al.
(2007) investigated the effects of imprecise measurements on
monitoring two dependent process steps. They applied an
EWMA control chart in the first and a cause-selecting control

chart in the second step to monitor small shifts in the process
mean considering imprecise measurements. Abbasi (2010)
examined the performance of the EWMA control chart in the
presence of two-component measurement errors due to its
immense importance in analytical chemistry and environmen-

tal settings. He found that taking multiple measurements at
each sample point reduces the effect of measurement errors.
Maravelakis (2012) investigated the effect of measurement
errors on the performance of the cumulative sum (CUSUM)
control chart to monitor the process mean. He showed that
the CUSUM control chart is greatly affected when the mea-
surement errors exist. Hu et al. (2015) studied the perfor-
mance of the synthetic �X control chart when measurement
errors exist using a linearly covariate error model. They
showed that the performance of the synthetic �X control chart
is significantly decreased in the presence of measurement
errors. They also investigated the effect of taking multiple
measurements for each item in a subgroup on the perfor-
mance of synthetic �X control chart. Abbasi (2015) investi-
gated the performance of the EWMA control chart in the
presence of two-component measurement errors where the
levels of two-component model parameters can vary. He also
presented a cost function analysis to determine the optimal
number of multiple measurements and the sample size for
reducing the effect of two-component measurement errors.
Khati Dizabadi et al. (2016) studied the effect of measure-
ment errors on the performance of maximum exponentially
weighted moving average and mean-squared deviation
(MAX-EWMAMS) control chart when the variance of error
term increases linearly with the process mean. Ghashghaei
et al. (2016) investigated the effect of imprecise measurements
on the performance of the ELR control chart (obtained by
incorporating EWMA procedure into GLR statistic) when
simple random sampling (SRS) and ranked set sampling
(RSS) procedures are used.

The measurement errors exist in all statistical monitoring
applications even with highly sophisticated advanced measur-
ing instruments. For instance, in a production line filling bot-

tles, it is impossible to obtain the exact volume of the liquid
inside the bottles. In a mass-spectrometry analysis in analyti-
cal laboratories, measurement errors usually occur in the gen-
eration and measurement of peak area. In medical
applications, the measurements of blood pressure by an ana-
logue machine may not always give exact readings. Since the
measurement errors affect both the rate of false alarms and
the detecting performance of different control charts, it
should be noticed to interpret different control charts. To the
best of our knowledge, most researches concerning the effect
of measurements errors on control charts are devoted to the
univariate monitoring schemes and only few ones have stud-
ied such effects on the multivariate control charts. On the
other hand, several works are available in the literature con-
cerning the simultaneously monitoring of multivariate process
mean and variability. However, simultaneous monitoring of
mean vector and covariance matrix of multivariate processes
in the presence of measurement errors has been neglected in
the literature. Due to the impact of measurement errors on
monitoring schemes as well as to fill the mentioned research
gap, in this paper we simultaneously monitor the mean vector
and the covariance matrix of multivariate normal processes in

2 Transactions of the Institute of Measurement and Control

 by guest on July 14, 2016tim.sagepub.comDownloaded from 

http://tim.sagepub.com/


the case of imprecise measurement. Then, we suggest four
remedial approaches to decrease the misleading effects of
measurement errors on the performance of the monitoring

scheme considered for simultaneous monitoring of the mean
vector and the covariance matrix. We also highlight the moti-
vation of our work by a real data example.

The structure for the rest of this paper is organized as fol-
lows: In the next section, we express measurement errors
model assumptions. Then, we explain the ELR control chart
by considering the measurement errors. The proposed reme-
dial methods for reducing the measurement errors effects on
the performance of the multivariate ELR control chart are
discussed, and the effect of measurement errors on the perfor-
mance of multivariate ELR control chart under different out-
of-control scenarios is investigated through simulation stud-
ies. A comparison analysis of the proposed remedial methods
is provided through an illustrative example, and application
of the proposed control chart as well as the remedial methods
is illustrated through a real data example. Finally, our con-
cluding remarks and a recommendation for future research

are given.

Measurement error model and
assumptions

Consider a p-dimensional multivariate normal process in
which the quality of a product is expressed as follows:

Xij =(Xij1 , Xij2 , . . . , Xijp ), ð1Þ

where xijq is the jth; j= 1, . . . , n observation in the ith,
i= 1, 2, . . . subgroup corresponding to the qth; q= 1, . . . , p

quality characteristic. Let mx and Sx denote the mean vector
and covariance matrix of the original quality characteristics,
respectively. Due to the measurement errors in real process
control applications, we cannot observe the original quality
characteristics of interest. Consequently, in such situations,
we have covariates that are linearly correlated to the original
quality characteristics. The covariate model considered in this
paper corresponding to the ith subgroup is calculated accord-

ing to Equation (2):

Yi =A+BXi + ei, ð2Þ

where A is a p3 1 vector of constants and B is an invertible
p3 p matrix, which contains the coefficients of the original

quality characteristics in the covariate model. In order to sim-
plify the model, the matrix B is considered a diagonal matrix.
In Equation (2), ei =(ei1, . . . , eip)9 is a p3 1 normal random
vector with the mean vector of 0 and covariance matrix of
Sm.We also assume that the values of error terms (e9s) are
independent from the original quality characteristics (x9s).

Obviously, the obtained p-dimensional vector of covari-
ates Yi; i= 1, 2, . . . follows multivariate normal distribution
with mean vector of A+Bmx and covariance matrix of
BSxB

T +Sm.
In order to derive the relationship between Yi and standar-

dized normal random variable we have:

Yi � Bmx =A+BXi � Bmx + ei, ð3Þ

(BSxB
T)
�1
2 Yi � Bmxð Þ=(BSxB)

T�1
2 BXi�Bmx +A+ eið Þ,

(BSxB
T)
�1
2 Yi � Bmxð Þ=(BSxB

T)
�1
2 (BXi�Bmx)

+ (BSxB
T)
�1
2 (A+ ei),

then

(BSxB
T)
�1
2 (Yi�Bmx)=Zi +(BSxB

T)
�1
2 (A+ ei): ð4Þ

Multiplying the (BSxB
T1

2 in both sides of Equation (4), the
following equation is obtained:

(BSxB
T)

1
2(BSxB

T)
�1
2 (Yi�Bmx)= (BSxB

T)
1
2Zi

+(BSxB
T)

1
2(BSxB

T)
�1
2 (A+ ei),

(Yi�Bmx)= (BSxB
T)

1
2Zi +A+ ei, ð5Þ

Finally, we have

Yi =(BSxB
T)

1
2Zi +Bmx +A+ ei, ð6Þ

Under the assumption of A=0 and B equals a p3 p identity
matrix, the following equation is obtained:

Yi =Sx

1
2Zi +mx + ei, ð7Þ

Recall that this paper is presented in Phase II. Hence, the

process parameters, including the mean vector and covar-
iance matrix of original quality characteristics and errors, as
well as the constant values, are known, based on the Phase I
analysis.

ELR control chart considering
measurement errors

Let yi1, yi2, . . . , yin; i= 1, 2, . . . represent the ith sample of
size n drawn from the process in the existence of measurement

error. Also we assume that the random vectors
yij; j= 1, 2, . . . , n are independent, both within a given

sample and between samples. Let �yi =
1
n

Pn
j= 1

yij and

Si =
1
n

Pn
j= 1

(yij � �yi)9(yij � �yi) be the ith sample mean vector

and sample covariance matrix, respectively. Next, consider
the following hypothesis test:

H0 : my =A+Bmx and Sy =BSxB
T +Sm

H1 : my 6¼ A+Bmx and Sy 6¼ BSxB
T +Sm

(
ð8Þ

The GLR statistic corresponding to ith subgroup in the exis-

tence of measurement error (we call it ME-LRi statistic) is
computed as follows:

ME�LRi = np(
1

p
tr Sið Þ � log ( Sij j)

1
p � 1)+ njj�yijj

2, ð9Þ

where tr(:) is the trace operator that computes the sum of
diagonal elements in a given square matrix, j:j is the matrix
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determinant value and jj:jj represents the Euclidean distance

of a given vector. It can be easily statistically proved that if
n! ‘ then LRi approximately follows chi-square distribution
with p(p+ 3)=2 degrees of freedom. The large value of LRi

corresponding to ith sample taken can lead to rejection of the

null hypothesis.
Zhang et al. (2010) used the EWMA procedure in con-

struction of likelihood ratio (LR) statistic and proposed the
ELR control chart to increase the sensitivity of this control
scheme in detecting small or moderate shifts. In this paper, we
incorporate the measurement errors concept into multivariate

ELR control chart and propose the ME-ELR control chart
for simultaneous monitoring of mean vector and covariance
matrix of multivariate processes. The proposed hybrid multi-
variate simultaneous monitoring scheme uses two EWMA

statistics including Ui and Vi. The first statistic is computed
based on the sample mean vector �yi according to Equation
(10), whereas the second one is computed based on the sample
covariance matrix Si according to Equation (11):

Ui =l�yi + 1� lð ÞUi�1, ð10Þ

Vi =lS�i + 1� lð ÞVi�1, ð11Þ

where U0 =A+Bmx, V0 =BSxB
T +Sm and S�i is computed

according to Equation (12):

S�i =
1

n

Xn

j= 1

(yij �Ui)9(yij �Ui), ð12Þ

where l; 0\l\1 denotes the smoothing parameter. In com-

parison with large values of l, using the small values of this
parameter can improve the performance of the proposed con-
trol chart in detecting small and moderate shifts. It is usual
that the smoothing parameter to be considered in the range of

½0:1, 0:25�. Finally, the following equation is resulted and sug-
gested for simultaneous monitoring of the mean vector and
covariance matrix in a given multivariate process in the exis-
tence of measurement errors: (denoted the ME-ELR statistic):

ME� ELRi = np
1

p
tr Við Þ � log ( Vij j)

1
p � 1

� �
+ njjUijj2:

ð13Þ

Note that, the terms jjUijj2 consider changes of the process
mean and 1

p
tr Við Þ � log ( Vij j)

1
p � 1 contribute to the variance

changes. The performance of the proposed methodology is
studied in terms of average run length (ARL) criterion con-

sidering different values of parameters l, n, p and Sm under
different shifts in the mean vector mx and the covariance
matrix Sx.

Proposed remedial methods

Considering all simulation results in the presented examples,
it is proved that the measurement errors have undesirable

effects on the performance of the proposed ME-ELR control
chart in detecting different out-of-control conditions. On the
other hand, in almost all production environments, the exis-
tents of the measurement errors is unavoidable. In order to

overcome this misleading effect, four remedial methods are

proposed in this section to decrease the effects of the mea-
surement errors.

Increasing sample size

In the first method, we decrease the undesirable effects of
measurement errors by using larger sample sizes. We show
through simulation studies that increasing the sample size can

decrease the effect of measurement error on the performance
of the control chart and consequently improves its perfor-
mance in detecting different shifts in terms of average run

length criterion.

Omitting outliers using interquartile range method

Another method that is suggested for reducing the effect of
errors is using the box plot method provided by Tukey
(1977). In this method, we eliminate the outlier data that are
outside the specified range, which is calculated based on the

interquartile range (IQR) method. In descriptive statistics, the
IQR is called mid-spread or middle 50. IQR is a measure of
statistical dispersion, which is equal to the difference between

the upper and lower quartiles, i.e. IQR=Q3 �Q1. In other
words, the IQR criterion is the first quartile subtracted from
the third quartile. These quartiles can be clearly seen on a
box plot in the given data. It is a trimmed estimator, which

defined as the 25% trimmed mid-range, and it is the most sig-
nificant basic robust measure of scale. The IQR is the length
of the box in the box plot. An outlier is any value that lays

more than one and a half times the length of the box from
either end of the box. That is, if a data point is less than
(Q1 � 1:5 3 IQR) or greater than (Q3 + 1:5 3 IQR), it is
viewed as being too far from the central values to be reason-

able. Figure 1 shows a schematic view of the IQR approach.

Omitting outliers using the IQR/On method

Another method for decreasing the effect of errors is dividing
IQR by square root of the sample size, i.e. IQR/On, which
was first introduced by Chambers et al. (1983).We used this

method to eliminate data that fall outside the range of
[(Q1 � 1:5 3 IQR=

ffiffiffi
n
p

)), (Q3 + 1:5 3 IQR=
ffiffiffi
n
p

)].

Multiple measurements

Linna and Woodall (2001) suggested a multiple measure-
ments method, which is also implemented by Maravelakis
(2012) and Haq et al. (2015) to reduce the effect of measure-

ment errors. Taking several measurements and averaging the
obtained values lead to a more precise measurement.
Moreover, the variance of the measurement error component
in the average of the multiple observations becomes smaller

as the number of multiple measurements increases. Therefore,
ideally if the number of multiple measurements becomes infi-
nite, the variance of the measurement errors component will

approach zero. Although the larger number of multiple mea-
surements leads to reducing the effect of measurement errors,
the additional cost and time is needed for these observations.
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We consider the covariate model Yjr =A+BXj + ejr, for
j= 1, 2, . . . , n and r= 1, 2, . . . , k. Here, for each Xj, k mea-

surements are taken, where k is a positive integer. For given

values of j and r:

�Yjr;N (A+BmX,BSXB
T +

Sm

k
), ð14Þ

where

�Yij =
1

k

Xk

r= 1

Yijr: ð15Þ

Then, for i= 1, 2, . . .

��Yi;N (A+BmX,
1

n
(BSXB

T +
1

k
Sm)), ð16Þ

where ��Yi =
1
n

Pn
j= 1

�Yij.

Performance evaluation of the proposed
ME-ELR control chart

In this section, we present two numerical examples in order to

explain the effect of measurement errors on the performance

of the multivariate ELR control chart. In all simulation

experiments, we adjust the upper control limit (UCL) of the

proposed control chart such that the in-control ARL (ARL0)

is roughly equal to 200. Then, out-of-control scenarios includ-

ing mean shifts and variance shifts, as well as simultaneous

shifts under different error variances in terms of out-of-

control ARL (ARL1) criterion are considered. The UCL val-
ues determined based on simulation experiments are shown in

the first row of each table. The second and third row of each

table is devoted to the standard deviation of the error terms

and ARL0 value, respectively. The ARL1 values obtained

under separate shifts in the mean vector and covariance

matrix of the process are summarized in rows 4–7 and 8–11,

respectively. Finally, the rows 12–23 of each table are devoted

to the ARL1 values obtained under simultaneous shifts in the

mean vector and covariance matrix of the process. Note that

without loss of generality, A= 0 and B= I are considered in

all simulation studies.

Example 1

Consider a bivariate normal process where the correlation

coefficient between variables is considered equal to r= 0:2.
The in-control mean vector and the covariance matrix of the

original data are equal to mx =(4, 3)9 and Sx =
4 0:8

0:8 4

� �
,

respectively. The covariance matrix of the two component

errors is considered equal to Sm =
s2

11 0

0 s2
22

� �
.

Consequently, U0 =A+Bmx, V0 =BSxB
T +Sm and

ELR0 = np 1
p

tr V0ð Þ � log ( V0j j)
1
p � 1

� �
+ n U0k k2.

We denote the out-of-control shifts by the vector of

(d1s1, d2s2, g1s1, g2s2) in the first column of Tables 1 and 2.

d1s1 and d2s2 are the magnitude of the mean shifts in the

units of s1 and s2 in the first and second quality character-

istics, respectively. In addition, g1s1 and g2s2 are the values

of the standard deviation of quality characteristics after

occurring shifts. Obviously, the vector (0, 0, 1, 1) shows that

no shift in both the mean vector and covariance matrix of

the process has occurred. The results of simulation experi-

ments based on 10,000 replicates are summarized in Tables

1 and 2. Table 1 tabulates the simulation results when p=2,

n=5 and l= 0:1. The results when p=2, n=5 and l= 0:2
are also summarized in Table 2. Tables 1 and 2 show that

for all mean, variance and simultaneous shifts, the ARL1

values increase when the variance of errors increases. In

other words, under different out-of-control scenarios, as the

variance of errors increases, the detecting performance of

the proposed control chart decreases. In most shifts in the

mean vector, increasing the parameter of l from 0.1 to 0.2

can improve the performance of the proposed ME-ELR

control chart in covering the effect of measurement errors.

In the case of variance shifts, increasing l also leads to

smaller ARL1 values. As the magnitude of mean and var-

iance shifts increase, the effect of increasing l in improving

the performance of the proposed ME-ELR control chart is

more significant. Comparing the results of Tables 1 and 2,

it is observed that applying l= 0:2 leads to a more satisfac-

tory performance of the control chart in detecting all simul-

taneous changes in the mean vector and covariance matrix

of the process.

Example 2

Consider a three-dimentional normal process where the corre-

lation coefficients of r12 = 0:2, r13 = 0:1 and r23 = 0:2 exist

between the quality characteristics. Recall that rij; i 6¼ j repre-

sents the correlation coefficient between ith and jth quality

Figure 1. Boxplot and a probability density function (pdf) of a normal

population.
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characteristics considered in this example. Similarly to

Example 1, the random samples of size n=5 and the smooth-

ing coefficient of l= 0:1 and l= 0:2 are used to simulate

data. The in-control mean vector and covariance matrix are

supposed to be equal to mx =(4, 3, 2)9 and

Sx =
4 0:8 0:2

0:8 4 0:4
0:2 0:4 1

0
@

1
A, respectively. The covariance matrix

Table 1. Average run length (ARL) values of the proposed ME-ELR control chart considering measurement errors when p=2, n=5, l=0.1.

UCL 166.75 171.96 177.15 182.54 188.16

(sm1,sm2) (0.00, 0.00) (0.50, 0.50) (1.00, 1.00) (1.50, 1.50) (2.00, 2.00)

(0.00, 0.00, 1.00, 1.00) 200.42 200.86 200.20 200.15 200.13

(0.25, 0.25, 1.00, 1.00) 11.00 11.80 14.05 17.59 22.65

(0.50, 0.50, 1.00, 1.00) 4.57 4.95 5.98 7.64 10.02

(0.75, 0.75, 1.00, 1.00) 2.87 3.11 3.75 4.80 6.31

(1.00, 1.00, 1.00, 1.00) 2.13 2.28 2.74 3.50 4.55

(0.00, 0.00, 1.25, 1.25) 24.45 25.38 28.83 34.60 40.86

(0.00, 0.00, 1.50, 1.50) 9.66 10.24 12.05 14.63 18.15

(0.00, 0.00, 1.75, 1.75) 5.61 6.04 7.06 8.79 10.93

(0.00, 0.00, 2.00, 2.00) 3.90 4.14 4.85 6.00 7.59

(0.25, 0.25, 1.25, 1.25) 6.84 7.46 8.88 11.02 14.26

(0.25, 0.25, 1.50, 1.50) 4.86 5.17 6.15 7.74 9.84

(0.25, 0.25, 1.75, 1.75 3.65 3.90 4.61 5.75 7.29

(0.50, 0.50, 1.25, 1.25) 3.78 4.06 4.89 6.24 8.11

(0.50, 0.50, 1.50, 1.50) 3.16 3.40 4.02 5.06 6.56

(0.50, 0.50, 1.75, 1.75) 2.67 2.83 3.40 4.24 5.42

(0.75, 0.75, 1.25, 1.25) 2.63 2.80 3.34 4.24 5.54

(0.75, 0.75, 1.50, 1.50) 2.35 2.51 2.98 3.74 4.85

(0.75, 0.75, 1.75, 1.75) 2.10 2.23 2.62 3.33 4.24

(1.00, 1.00, 1.25, 1.25) 2.01 2.15 2.56 3.22 4.21

(1.00, 1.00, 1.50, 1.50) 1.88 1.99 2.36 2.96 3.83

(1.00, 1.00, 1.75, 1.75) 1.73 1.85 2.18 2.73 3.45

ME-ELR, measurement errors exponentially weighted moving average procedure with generalized likelihood ratio statistic; UCL, upper control limit.

Table 2. Average run length (ARL) values of the proposed ME-ELR control chart considering measurement errors when p=2, n=5, l=0.2.

UCL 183.30 186.55 195.70 211.55 234.20

(sm1,sm2) (0.00, 0.00) (0.50, 0.50 (1.00, 1.00) (1.50, 1.50) (2.00, 2.00)

(0.00, 0.00, 1.00, 1.00) 199.85 200.30 199.83 200.52 200.22

(0.25, 0.25, 1.00, 1.00) 11.84 12.75 14.34 17.61 22.45

(0.50, 0.50, 1.00, 1.00) 4.26 4.55 5.30 6.53 8.29

(0.75, 0.75, 1.00, 1.00) 2.59 2.73 3.15 3.86 4.86

(1.00, 1.00, 1.00, 1.00) 1.87 1.99 2.28 2.74 3.44

(0.00, 0.00, 1.25, 1.25) 25.24 26.34 28.52 33.55 39.90

(0.00, 0.00, 1.50, 1.50) 9.26 9.54 10.77 13.03 15.98

(0.00, 0.00, 1.75, 1.75) 5.15 5.45 6.12 7.24 8.80

(0.00, 0.00, 2.00, 2.00) 3.51 3.66 4.12 4.86 5.96

(0.25, 0.25, 1.25, 1.25) 6.65 7.11 8.01 9.94 12.26

(0.25, 0.25, 1.50, 1.50) 4.47 4.69 5.34 6.51 7.96

(0.25, 0.25, 1.75, 1.75 3.31 3.47 3.90 4.68 5.67

(0.50, 0.50, 1.25, 1.25) 3.44 3.64 4.17 5.10 6.39

(0.50, 0.50, 1.50, 1.50) 2.85 2.99 3.37 4.07 5.08

(0.50, 0.50, 1.75, 1.75) 2.39 2.50 2.84 3.37 4.12

(0.75, 0.75, 1.25, 1.25) 2.31 2.45 2.81 3.38 4.22

(0.75, 0.75, 1.50, 1.50) 2.08 2.19 2.47 2.98 3.66

(0.75, 0.75, 1.75, 1.75) 1.89 1.96 2.20 2.62 3.21

(1.00, 1.00, 1.25, 1.25) 1.76 1.85 2.12 2.56 3.14

(1.00, 1.00, 1.50, 1.50) 1.65 1.75 1.95 2.35 2.84

(1.00, 1.00, 1.75, 1.75) 1.54 1.61 1.80 2.14 2.60

ME-ELR, measurement errors exponentially weighted moving average procedure with generalized likelihood ratio statistic; UCL, upper control limit.
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Sm =
s2

m1 0 0

0 s2
m2 0

0 0 s2
m3

0
@

1
A is supposed to exist among the

measurement errors terms. The simulation experiments are

conducted in 10,000 replicates and the results are given in

Tables 3 and 4. The results are obtained in terms of ARL cri-

terion under different scenarios in shifts in process parameters

and error terms. Table 3 tabulate the results of the proposed

ME-ELR control chart in detecting separate and simulta-

neous shifts under different variance of error terms when

p=3, n=5 and l= 0:1. In Table 4 the parameters are p=3,

n=5 and l= 0:2. It is seen the increasing the variance of

error terms leads to an undesirable effect on the performance

of the ME-ELR control chart in detecting all separate and

simultaneous shifts in process mean and variability.

Comparing the results of Tables 3 and 4, it is concluded that

by increasing l, the performance of the ME-ELR control

chart in detecting separate shifts in the mean vector and cov-

ariance matrix under different variance of measurement error

is considerably improved. However, as the magnitude of

mean and variance shifts and the variance of measurement

errors increases, the recovering performance of the control

chart in eliminating the error effect is more considerable.

Similarly to numerical Example 1, the larger value of l is

desirable and leads to smaller values of ARL1.

Performance evaluation of the proposed
remedial approaches

In this section, we conduct a comparison study between the

proposed remedial methods using the input data of Example

1 when p=2 and l= 0:1. The shift in the mean of quality

characteristics in units of sigma is shown by d (m changes to

m+ ds) and the shift in the standard deviation of quality

characteristics is illustrated by g (s changes to gs). Here, we

denote the mean and variance shifts by a single number. For

example, the value of 0.5 in the first row of Table 6 shows

that the magnitude of mean shift in both quality characteris-

tics is equal to 0.5 units of sigma (d1 = 0:5, d2 = 0:5). Note

that in all of the proposed remedial methods, the sample size

is fixed (not variable). In the first remedial method, we use a

sample size larger than the initial sample size. Hence, under

both large and small sample sizes, the size of samples taken is

fixed (not variable). In the second and third remedial meth-

ods, the outliers are eliminated and substituted by the new

observations. This process continued until all observations in

a given sample fall inside the mentioned interval. In the fourth

remedial method, each unit is measured several times and

then the average value of the measurements is recorded.

Consequently, similar to the first remedial method, the sample

size in the second, third and fourth remedial methods remains

constant and do not change during the process. As a result,

the designed control charts are not adaptive and we can use

ARL criterion to evaluate the detecting performance of the

control charts in all comparison studies. The UCLs of all con-

trol charts under remedial approaches are set by simulation

studies such that an in-control ARL equal to 200 is obtained.

The values of UCLs are reported in Table 5.
Here, a parametric statistical analysis to investigate the

performance of the proposed remedial methods is provided by

using the analysis of variance (ANOVA). The out-of-control

ARLs for remedial methods under different mean shifts when

sm1 = 1,sm2 = 1 are shown in Table 6. To apply ANOVA,

Table 3. Average run length (ARL) values of the proposed ME-ELR control chart considering measurement errors when p=3, n=5, l=0.1.

UCL 188.40 190.92 200.25 217.70

(sm1,sm2,sm3) (0.00,0.00,0.00) (0.50,0.50,0.50) (1.00,1.00,1.00) (1.50,1.50,1.50)

(0.00, 0.00, 0.00,1.00, 1.00, 1.00) 199.93 200.70 200.24 200.53

(0.25, 0.25, 0.25, 1.00, 1.00, 1.00) 9.91 10.57 12.94 17.09

(0.50, 0.50, 0.50, 1.00, 1.00, 1.00) 4.23 4.47 5.61 7.51

(0.75, 0.75, 0.75, 1.00, 1.00, 1.00) 2.69 2.86 3.55 4.75

(1.00, 1.00, 1.00, 1.00, 1.00, 1.00) 2.02 2.14 2.60 3.48

(0.00, 0.00, 0.00, 1.25, 1.25, 1.25) 24.69 25.36 28.44 33.68

(0.00, 0.00, 0.00, 1.50, 1.50, 1.50) 9.75 10.19 11.74 14.75

(0.00, 0.00, 0.00, 1.75, 1.75, 1.75) 5.61 5.92 7.00 8.85

(0.00, 0.00, 0.00, 2.00, 2.00, 2.00) 3.88 4.06 4.87 6.22

(0.25, 0.25, 0.25, 1.25, 1.25, 1.25) 6.54 6.89 9.72 10.97

(0.25, 0.25, 0.25, 1.50, 1.50, 1.50) 4.63 4.94 5.90 7.74

(0.25, 0.25, 0.25, 1.75, 1.75, 1.75 3.57 3.75 4.51 5.78

(0.50, 0.50, 0.50, 1.25, 1.25, 1.25) 3.54 3.80 4.63 6.16

(0.50, 0.50, 0.50, 1.50, 1.50, 1.50) 3.02 3.21 3.90 5.09

(0.50, 0.50, 0.50, 1.75, 1.75, 1.75) 2.57 2.71 3.27 4.27

(0.75, 0.75, 0.75, 1.25, 1.25, 1.25) 2.46 2.61 3.22 4.27

(0.75, 0.75, 0.75, 1.50, 1.50, 1.50) 2.21 2.37 2.86 3.75

(0.75, 0.75, 0.75, 1.75, 1.75, 1.75) 2.01 2.13 2.55 3.33

(1.00, 1.00, 1.00, 1.25, 1.25, 1.25) 1.89 2.01 2.45 3.23

(1.00, 1.00, 1.00, 1.50, 1.50, 1.50) 1.78 1.88 2.28 2.97

(1.00, 1.00, 1.00, 1.75, 1.75, 1.75) 1.72 1.77 2.10 2.74

ME-ELR, measurement errors exponentially weighted moving average procedure with generalized likelihood ratio statistic; UCL, upper control limit.
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we consider the remedial methods as the treatments (five lev-

els) and the mean shifts as the blocks (10 levels). The results of

ANOVA performed in Minitab software is shown in Table 7.

The p-value for the treatments effect (remedial methods) is

obtained equal to zero. Hence, selecting a= 0:05 leads to the

conclusion that there is significance difference among the

remedial methods.
We use a log(ARL1) curve to investigate which method

performs better than the other methods. In addition, the

results of comparison study considering different variance of

Table 4. Average run length (ARL) values of the proposed ME-ELR control chart considering measurement errors when p=3, n=5, l=0.2.

UCL 205.85 209.05 219.90 239.85

(sm1,sm2,sm3) (0.00,0.00,0.00) (0.50,0.50,0.50) (1.00,1.00,1.00) (1.50,1.50,1.50)

(0.00, 0.00, 0.00,1.00, 1.00, 1.00) 199.65 200.35 200.55 199.85

(0.25, 0.25, 0.25, 1.00, 1.00, 1.00) 10.29 10.98 13.01 16.16

(0.50, 0.50, 0.50, 1.00, 1.00, 1.00) 3.86 4.08 4.81 6.10

(0.75, 0.75, 0.75, 1.00, 1.00, 1.00) 2.38 2.52 2.94 3.70

(1.00, 1.00, 1.00, 1.00, 1.00, 1.00) 1.75 1.83 2.14 2.66

(0.00, 0.00, 0.00, 1.25, 1.25, 1.25) 25.29 26.28 28.51 33.30

(0.00, 0.00, 0.00, 1.50, 1.50, 1.50) 9.15 9.33 10.62 12.74

(0.00, 0.00, 0.00, 1.75, 1.75, 1.75) 5.03 5.23 5.91 7.19

(0.00, 0.00, 0.00, 2.00, 2.00, 2.00) 3.44 3.59 3.99 4.80

(0.25, 0.25, 0.25, 1.25, 1.25, 1.25) 6.30 6.51 7.67 9.26

(0.25, 0.25, 0.25, 1.50, 1.50, 1.50) 4.26 4.40 5.03 6.21

(0.25, 0.25, 0.25, 1.75, 1.75, 1.75 3.15 3.28 3.71 4.36

(0.50, 0.50, 0.50, 1.25, 1.25, 1.25) 3.25 3.38 3.90 4.88

(0.50, 0.50, 0.50, 1.50, 1.5f0, 1.50) 2.68 2.80 3.22 3.99

(0.50, 0.50, 0.50, 1.75, 1.75, 1.75) 2.28 2.36 2.69 3.27

(0.75, 0.75, 0.75, 1.25, 1.25, 1.25) 2.16 2.28 2.61 3.28

(0.75, 0.75, 0.75, 1.50, 1.50, 1.50) 1.98 2.05 2.36 2.89

(0.75, 0.75, 0.75, 1.75, 1.75, 1.75) 1.78 1.85 2.09 2.56

(1.00, 1.00, 1.00, 1.25, 1.25, 1.25) 1.65 1.74 2.00 2.46

(1.00, 1.00, 1.00, 1.50, 1.50, 1.50) 1.57 1.63 1.87 2.28

(1.00, 1.00, 1.00, 1.75, 1.75, 1.75) 1.47 1.53 1.72 2.08

ME-ELR, measurement errors exponentially weighted moving average procedure with generalized likelihood ratio statistic; UCL, upper control limit.

Table 5. Upper control limits (UCLs) for control charts evaluated in Figures 2–9.

(sm1 = 0:5,sm2 = 0:5) (sm1 = 1,sm2 = 1) (sm1 = 1:5,sm2 = 1:5) (sm1 = 2,sm2 = 2)

n=5 169.35 177.15 190.58 210

n=10 328.05 337.35 362.35 398.45

IQR 321.65 335.85 360.17 395.74

IQROn 309.75 320.72 339.70 367.20

Multiple measurements (k= 2) 168.15 171.96 178.46 188.17

IQR, interquartile range.

Table 6. Randomized complete block design for the average run length (ARL) values of remedial methods under different magnitudes of mean shift

when (sm1 = 1,sm2 = 1).

Remedial methods Magnitude of mean shift (blocks)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

n=5 43.21 18.44 11.07 7.74 5.94 4.82 4.06 3.50 3.06 2.73

n=10 33.31 12.73 7.82 5.56 4.34 3.58 3.06 2.65 2.36 2.14

IQR 30.51 12.58 7.73 5.48 4.17 3.43 2.90 2.52 2.22 2.10

IQROn 28.09 10.83 6.39 4.54 3.45 2.83 2.43 2.11 1.88 1.70

Multiple measurements (k= 2) 40.99 16.71 9.92 6.90 5.34 4.25 3.55 3.08 2.71 2.45

IQR, interquartile range
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error terms under various mean shifts are shown in Figures

2–5, whereas the ones under variance shifts are shown in

Figures 6–9. Figures 2–5 confirm that all suggested methods

can considerably decrease the effect of measurement errors

under different out-of-control mean shifts in the process para-

meters. As seen, among the proposed remedial methods, the

third one, i.e. the IQR=
ffiffiffi
n
p

method outperforms the others

when the shifts are occurred in the mean vector of the process.

The results of Figures 6–9 show that the performance of the

second method (IQR) is better than the others under almost

all variance shifts. After that, the increasing sample size

method has the best performance to detect out-of-control dis-

turbances in the covariance matrix of the process. Generally,

we can see that under almost all changes (either mean or var-

iance shifts), the second and third remedial approaches have

the most satisfactory performance to cover the undesired

effects of the imprecise measurements. The superior

Table 7. Analysis of variance for the remedial methods.

Source of variation Sum of squares Degrees of freedom Mean square F0 P-value

Treatments (remedial methods) 110.04 4 27.510 7.33 0.00

Blocks (shift values) 4634.83 9 514.981 137.23 0.00

Error 135.09 36 3.753

Total 4879.96 49

Figure 2. Comparison of the remedial methods under mean shifts

when (sm1 = 0:5,sm2 = 0:5).

Figure 3. Comparison of the remedial methods under mean shifts

when (sm1 = 1,sm2 = 1).

Figure 4. Comparison of the remedial methods under mean shifts

when (sm1 = 1:5,sm2 = 1:5).

Figure 5. Comparison of the remedial methods under mean shifts

when (sm1 = 2,sm2 = 2).
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performance of the second and third methods may be because

the IQR-based methods eliminate the outliers (which would
be due to the imprecise measurements) and substitute them by

ordinary observations, whereas in the first method only the

larger sample sizes are taken and the imprecise measurements

are remained and not eliminated in chart interpretation. Note

that the number of measurements considered is equal to two

(k = 2) for all simulation studies in the multiple measure-

ments method.
Table 8 shows the superiority of each remedial method

under two criteria. As shown in this table, IQR and IQROn
methods have better performance with respect to the other

methods in terms of out-of-control ARL. This result is

obtained based on the extensive simulation studies. Although

the statistical performances of the sample size and multiple

measurements methods are worse than the other proposed

methods, the simplicity of use in practice is the main advan-

tage of these methods.

A real data example

In this section, the application of our proposed ME-ELR con-

trol chart is illustrated by a real data set provided by Hawkins

and Maboudou-Tchao (2008). The data set is from a long-

standing research project in ambulatory monitoring. In this

work, subjects were equipped with instruments that measure

and record physiological variables. The wearer’s blood pres-

sure and heart rate were measured and recorded every 15 min

for 6 years. Before the analysis, using statistical process con-

trol (SPC) methods, each week’s raw data are condensed into

weekly summary numbers, which include mean systolic blood

pressure (SBP), mean diastolic blood pressure (DBP), mean

Figure 6. Comparison of the remedial methods under variance shifts

when (sm1 = 0:5,sm2 = 0:5).

Figure 7. Comparison of the remedial methods under variance shifts

when (sm1 = 1,sm2 = 1).

Figure 8. Comparison of the remedial methods under variance shifts

when (sm1 = 1:5,sm2 = 1:5).

Figure 9. Comparison of the remedial methods under variance shifts

when (sm1 = 2,sm2 = 2).

Table 8. Comparison of remedial methods under two criteria.

CriterionMethod

ARL1 Simplicity of use

Sample size U

IQR U

IQROn U

Multiple measurements U

ARL, average run length; IQR, interquartile range.
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heart rate (HR) and overall mean arterial pressure (MAP).

Based on Hawkins and Maboudou-Tchao (2008), the vector

of quality characteristics follows multivariate normal distribu-

tion with mean vector mx = 126:61, 77:48, 80:95, 97:97ð Þ9 and
the following covariance matrix:

Sx =

15:04 8:66 10:51 12:04

8:66 5:83 5:56 7:5
10:51 5:56 15:17 8:79

12:04 7:5 8:79 10:57

0
BB@

1
CCA

Interested readers are referred to Hawkins and Maboudou-

Tchao (2008) for more details. In order to illustrate the effect of

measurement error on the ELR control chart, we set l= 0:1 and

UCL=39585 to obtain ARL0=200. Table 9 represents the data

set of Hawkins and Maboudou-Tchao (2008) along with the cor-

responding ELR and ME-ELR statistics. The ELR and ME-

ELLR statistics are also plotted in Figure 10. Figure 10 shows

that all 24 samples are in control when there is no measurement

errors, whereas in the presence of measurement errors the control

chart triggers a false alarm in the seventh sample taken.

Table 9. Ambulatory monitoring data.

n No error With error

SBP DBP HR MAP SBP DBP HR MAP

ELR ME-ELR

1 128.538 78.357 79.020 99.318 127.379 80.872 78.910 97.265 38277 38244

2 130.691 79.283 81.730 99.204 130.908 82.448 80.937 98.580 38437 38439

3 128.591 80.756 81.746 100.226 129.384 81.742 80.885 101.432 38571 38619

4 132.362 81.412 87.121 103.540 130.930 81.114 89.408 105.422 38958 39037

5 133.066 81.294 83.401 103.531 136.043 82.533 84.962 102.209 39260 39430

6 127.667 79.634 80.547 100.190 128.502 80.798 80.234 103.309 39250 39500

7 130.427 81.060 81.975 102.411 133.230 80.334 79.726 99.273 39403 39591

8 124.869 77.676 81.642 98.458 125.150 75.940 80.331 100.847 39261 39435

9 129.391 78.729 82.293 99.308 127.598 79.380 81.056 96.843 39292 39344

10 127.812 78.731 80.900 98.961 130.102 80.465 82.318 99.302 39249 39413

11 129.975 78.267 81.876 100.033 129.859 78.288 83.456 100.029 39297 39467

12 128.298 76.632 83.393 98.916 126.800 75.034 86.322 99.146 39273 39418

13 124.357 75.246 80.747 96.772 121.110 74.221 80.055 97.835 39046 39090

14 131.203 78.153 82.212 100.993 134.194 80.870 82.084 100.498 39169 39318

15 127.080 76.428 80.523 97.170 128.050 77.799 81.334 97.296 39043 39239

16 123.843 75.742 79.443 94.554 122.420 74.151 79.327 93.183 38770 38859

17 125.493 75.994 81.222 96.127 123.276 76.385 78.018 96.223 38629 38610

18 121.078 73.581 79.061 92.319 122.955 73.513 77.547 91.139 38249 38231

19 121.464 73.946 76.604 91.393 121.391 73.293 74.584 93.018 37867 37838

20 128.090 79.588 84.957 98.551 130.080 79.185 86.4926 98.139 38046 38083

21 127.761 77.350 83.823 98.464 130.762 75.272 81.630 100.281 38143 38221

22 125.201 75.729 82.672 96.087 126.727 75.887 84.343 99.545 38076 38282

23 128.209 77.828 82.948 101.140 127.133 76.123 87.579 100.095 38228 38417

24 125.803 76.389 78.917 95.087 121.098 77.326 76.749 94.528 38097 38120

SBP, systolic blood pressure; DBP, diastolic blood pressure; HR, heart rate; MAP, mean arterial pressure; ELR and ME-ELR, see text.

Figure 10. The effect of measurement errors on occurrence of false alarm.
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In Figure 11, the ELR, ME-ELR and ME-ELR control

charts with four remedial approaches under a given step shift in

the mean vector of quality characteristics in the mentioned long-

standing research project are plotted and compared. Note that,

in Figure 11 for each control chart the UCL is set such that

ARL0 equals 200. In scenario a (no measurement error sce-

nario), the ELR control chart detects the shift in the 11th sample

taken. When there is measurement error in the measuring instru-

ment (scenario b), the ME-ELR control chart signals in the 19th

sample. Utilizing the remedial IQR-based methods can ade-

quately decrease the effect of measurement errors. As shown in

scenarios c and d (remedial methods), the ME-ELR control

charts detect the out-of-control state in 17th and 16th samples,

respectively. Also, the control chart equipped with multiple

measurements method (scenario e) detects the out-of-control

state in the 17th sample. In other words, the proposed IQR-

based remedial approaches decrease the effect of measurement

error and, as a result, the signals in the ME-ELR control chart

approach those in the ELR control chart.

Conclusions and a future research

In this paper, first we proposed the ME-ELR control chart

for simultaneous monitoring of mean vector and covariance

matrix of multivariate processes in the presence of measure-

ment errors. Through extensive simulation studies, we proved

the undesirable effect of measurement errors to detect separate

and simultaneous shifts in the mean vector and covariance matrix

(a) (b)

(c) (d)

(e)

Figure 11. Comparison among the ELR (exponentially weighted moving average procedure with generalized likelihood ratio statistic), ME-ELR

(measurement errors exponentially weighted moving average procedure with generalized likelihood ratio statistic), multiple measurements and

interquartile range (IQR)-based ME-ELR control charts under a step shift in the mean vector of quality characteristics.
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of multivariate processes. Then, we suggested four remedial

approaches to decrease the effect of measurement errors on the

detecting performance of the proposed ME-ELR control chart.

A comparison analysis between the remedial methods is also con-

ducted. The results showed that all the remedial approaches ade-

quately decrease the undesirable effects of measurement errors.

Finally, the application of the proposed ME-ELR control chart

and the remedial methods was illustrated through a real data

example. Considering the effect of measurement errors with line-

arly increasing variance error on monitoring the mean vector and

the covariance matrix of multivariate normal processes can be a

fruitful area for future research.
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